The study of the convergence of power series expansions of energy eigenvalues for anharmonic oscillators in quantum mechanics di ers from general understanding, in the case of quasi-exactly solvable potentials.
Introduction
Let me summarize some of the most relevant features of perturbative expansions for eigenvalues in one-dimensional quantum mechanics. Let us consider the Schr odinger equation ? @ 2 @x 2 + x 2 4 + V (x) k (x) = E k k (x) (1.1) where the harmonic oscillator is perturbed by a higher order even polynomial V (x) = p(x 2 ) and k is the number of zeros of the wave function .
In well known papers C.Bender and T.T. Wu 1] and B. Simon 2] studied the quartic anharmonic oscillator p(x 2 ) = x 4 . The former authors 1] evaluated a large number of terms of the perturbative series of the lowest energy eigenvalues E k ( ), k = 0; 1; :: and discussed the occurrence of singularities in the complex plane. It was found that for any energy level E k ( ) there exist in nitely many points , which are extrema of square root branch singularities , the extrema accumulate at the origin in the complex plane and each value correspond to the crossing between pairs of energy levels E n ( ) = E m ( ) (1.3)
These features prevent a non vanishing radius of convergence for the perturbative expansion of any energy eigenvalue (1.2). The second author 2] con rmed these results, by using Hilbert space methods. Analogous occurrence of in nitely many singularities with accumulation point at the origin, for any energy level, was found if the quartic monomial x 4 was replaced by a higher order monomial x 2n , n > 2 2]. T.Banks and C. Bender 3] also studied the anharmonic oscillator with a general polynomial potential (of even parity) H = ? @ 2 @x 2 + x 2 4 + g " Then the singularities of E k (g) closest to the origin in the complex g plane are controlled by the highest order monomial g(x 2 =2) N whereas the next order monomial ga(x 2 =2) N?1 only results in a constant factor and the next order monomial gb(x 2 =2) N?2 a ects the corrections of order O(1=n) with respect to the previous result. For some decades it was believed that any formal Taylor expansion of energy eigenvalues of an anharmonic potential, with any polynomial perturbation (of degree higher than quadratic) would have a vanishing radius of convergence. It was recently found that for the class of models known as quasi exactly solvable potentials, a number of energy levels have a perturbative expansion with nite radius of convergence 4]. The singularities of these energy levels still correspond to level crossing, yet these are a nite number. Quantum mechanics being a (0 + 1) dimensional quantum eld theory, it would be exciting to nd similar convergence in higher dimensional models of quantum eld theory. Further references to extensive investigations on the divergence of the perturbative expansion in quantum mechanics and in quantum eld theory may be found in 5] and 6]. It is clear that quasi-exactly solvable models have convergent perturbative expansions for a nite number of energy eigenvalues because those eigenvalues are decoupled from the rest of the spectrum. Yet this property is so peculiar, that it is interesting to have a pattern of the radius of convergence as function of the parameters. This is evaluated in sect.2, in an algebraic exact fashion, for a simple sequence of potentials. It also seems that quasi-exactly solvable potentials provide e cient tools to investigate the possibility of convergence for generic potentials, when these are summed in a fashion similar to quasi-exactly solvable models. This analysis is presented but not completed in sect.3.
2 Quasi-exactly solvable potentials.
The generic conclusion of divergence of perturbative expansion does not hold in the case of quasi-exactly solvable potentials. This is clearly stated in the book 4]. In this section it will be exhibited by the evaluation of the radius of convergence in a sequence of cases. The simplest class of quasi-exactly solvable potentials corresponds to the onedimensional quantum sextic oscillator model with hamiltonian
where a is positive, b is real, M is a non-negative integer (M = 0; 1; ::) For sake of a simpler exposition, let us choose b = 1 (which is a generic value). It can be shown that the eigenvalue equation
where k (x) is square integrable, has the lowest part of the spectrum corresponding to the even wave functions, which may be computed in closed form in algebraic way. That is, the rst M +1 even wave functions 2k (x 2 ), k = 0; 1; ::M are 2k (x 2 ) = e ? The coe cient P n (E) is then a polynomial in E of order n. The condition that P M+1 (E) = 0 leads to the algebraic equation for E of degree M + 1 (the lowest ones being eq. (2.7) ). This condition and the recursion relation eq. de nes, in closed form, the three energy levels E 0 (a); E 2 (a); E 4 (a), and their perturbative expansions may be easily evaluated at arbitrary order E 0 (a) = 1 ? 4a ? 2a 2 + 4a 3 (2.19) All these singular values were examined, for the cases M = 1 up to M = 7, beginning with the values a with the smallest modulus. For any M examined, the rst value a occurs on the real negative axis in the a complex plane, it corresponds to crossing of the two highest eigenvalues considered (for M = 7 it is E 12 (a) = E 14 (a)) thus providing the radius of convergence of their perturbative expansions (2.11) . Singular values a with larger modulus describe level crossing between pairs of intermediate levels. Only the M values a with larger modulus describe level crossings of the ground state level with the other M levels. The radius of convergence of the perturbative expansion of the ground level E 0 (a) is determined by a couple of complex conjugate values of a with the smallest modulus in this last group of M values a. This analysis is con rmed by the study of the period of oscillations of the coe cients in the perturbative expansion of E 0 (a). to the origin, for the cases M = 2; 3; ::; 6. One sees that the radius r M of convergence decreases as M increases.
Softly broken quasi-exact solvability
The analysis of quasi-exactly solvable models is useful for more general polynomial potentials, where the couplings do not obey the constraints of quasi-exact solvability. Let us consider the hamiltonian with a generic sextic potential H = ? @ 2 @x 2 + V(x) = ? @ 2 @x 2 + x 2 + x 4 + the hamiltonian (3.1) reproduces the quasi-exactly solvable model (2.1), but now M is real, rather than a non negative integer. In this Section, I study the perturbation theory for the eigenvalues of this hamiltonian, by keeping b and M xed, in series of powers of the coupling a. This is just a speci c way to do perturbation theory for the generic sextic potential (3.1). For simplicity let us
x again b = 1, which is a value with no special meaning, and let us choose the (formal) ansatz for the even parity wave function (x 2 ) = (a; x 2 ) e ? The properties of anharmonic oscillators perturbed by polynomial potentials which correspond to quasi-exactly solvable models are peculiar. The perturbative expansions of the eigenvalues have a nite radius of convergence, which evades the general situation. In Sect.3, it was indicated that properties of quasiexactly solvable models may be useful to the study of more general non-quasiexactly solvable models. More speci cally, one may evaluate in exact, automated way, the perturbative expansions of energy eigenvalues. It would be very interesting to know whether the radius of convergence of these expansions collapses to zero, as soon as M di ers from a positive integer, or there exist other real values of M where such radius is nite. If this were the case, quasi-exactly solvable models would have the additional merit of suggesting ways of dealing with polynomial perturbations. The answer to this question requires standard methods of analysis of coe cients of the perturbative expansions which I hope to report in a future work. After the present letter was completed, I saw the recent paper by M. Znojil 15] , which addresses similar issues, with di erent techniques and an old letter by A.V.Turbiner and A.G. Ushveridze 16] where a subset of the investigation here reported in Sect.2 was performed.
